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SOMiCONSIDERATIONSGNANAIRFOILM

ANoscILLA.T~-GsTREAy,.

ByJ.M&o ,Xhwx@w ,

. SUMMARY

.Thevelocitypotential,liftforce,“iicm+ent,andpropulsive
forceona two-dimensionalairfoilin”astreamofperiodically
varyingangleofattackhavebeenlerivedontheWLsisofnon-
stationaryincompressiblepotential-flowtheorywhichincludes
theeffectofthecontinuoussheetofvorticesshedfromthe
trailingedge.Applicationoftheseresultswdsmadeinau,
analysisofthevariationwith”frequencyofthe”propulmiveforce
onanaiifoilintioscillatingstre.emandinw andYsisofthe
problemofforcedvibrationsofanaigfotlipanoscillating
streamwithconsiderationofthestiffnessoftheairfoiland
thepositionqfitstorsion”axibpItwasshownthatmen the
torsionaxisoftheairfoilisaheadofthequarter-chordpoint
theamplitudeofvibrationsisgenerallynotlarge,butwhen‘the
torsionaxisis%ehindthequarter-chordpointcertainconditions
exist‘underwhichdangerousamplitudesofvibrationmayoccur.
Thenonuniformresponsewhichwas‘foundfor& fre~lyhinged
airfoilrestrictstheuseofsucha deviceasa f’low-m=s~ing
instrumenttothemea~urementofonlyverylow-frequeticyangular.‘
variationsinendscill.stingstream.

ItIsexpected-thattheresultdofthetheoreticaltrea~ent
ofthepropulsiveforcewillyeusefulinconsiderationsof
counterrotating-propellerefficiencies@ thattheanalysisof
thegroblemofforcedvibrationswillheuseftiindesi~con- ,
siderationsofliftlngsurfacesoperatinginoscillatingstreams;
fore~ple; wind-ttielfan%ladesb“ehtnda se%ofprerqtation
vanes;ortailsurfacesinfluctuatingwakes. . .

.“.

mODtiTION
..

., . .

&e”phenm’enonhfenairfoilinan.osci.llati~streeni(that
is.a streamofwh?.chtheangleofattackvsrie’speriodically)is
encounteredinmanyphasesofae~onauticsoForexample,the
effectofa setofprerotationvanesunona wind-tunnelfanblade

——



,

2 NACATNNO.1372 .. ... 4

istoproduceperiodicdisturbancesthroughwhichthefanbhdes
pass* Further,a considerationofcounterrotatingpropellers
showsthattherearwardbladesoperatinginthehelicalwake
producedbytheforward.bladesareina stresmofvaryingangle
ofattack.Asanotherexample;thehorizontal.tailofemair-
planemaybesub~ectedtoforcesinducedbyfluctuationsinthe
angleofthewingwake,

Thetheoryofnonstationarymotionaroundairfoilswith
considerationofpartialmotionflofthefluidhasbeendeveloped
byGarrick(reference1);Kibn6r(reference2),andothers.The
presentalternativetreatmentleadstoa valuefortheliftforce
onanairfoilinanoscillatingstreamwhichisinagreement
withthatobtainedinrei?eronces1 and2. Thetreatmentin
reference2 leadstogeneral‘resultsforthepropulsiveforce.
Thepresentpaper,employingsomewhatdifferentderivations,
givesexplicitresultsforthepropulsion48wellasforthe
liftonanairfoilinanoscillatingstream.

Twcpro%lemswhichariseincasesofoscillatingflows
are(1)theproductionofvibrationsend(2)theso-called
‘%atzma~effect”(references)orexistenceofa propulsive
force.Withregard.toproblem(1)theob.jectofthepresent
paperistoexsminetheoreticallythedynemicsofanairfoilin
enoscillating.stygemandtodetelmineunderwhatconditions
dangerousamplitudesofvibrationmayoccur.A specialcase
forwhichthetorsionalstiffnessiszeroistreatedwitha
viewtothepossibilityofusinga smallfreelyhingedafrfoil
asa deviceformeasuringtheangularamplitudeof’.anoscillating
stream.Previousworkonthisproblem(reference4)hasbeen .
donefor”thecaseinwhichthestiffnessoftheairfoilwas
expectedtogivelargevibrations.Withre~ardtoproblem(2),
whichisofimportanceinconsiderationsofcounterrctating-
propelle~@ffici.encies,a theoreticalinvestigationismadeof
thehorizontalforces&periencedhyenairfoilinanoscillating
stream.

Thetheoreticaldevelopmentisdividedintothreeparts:
(1)derfvati.onoftheliftforceandmomentactingonanairfoil
inenoscillatingstream,(2)derivationofthepropulsivefcrce,
and(3)derivationandsolutionoftheequationofmotionofan
airfoilexecutingtorsionalvibrationsinanoscillatingstream.,
Thetheoreticalmethodsusedirithederivationof’theliftforces
andmomentsconsistinanextensionofthemethodsofTheodorsen.
(reference5). Forthederivationofthepropulsiveforce
anplicaticmismadeofthemethodoutlinedbyvonI&n& and .
B&YXW (reference6pp.%?
tionsaremadethrou@o@:

..

ad
(a)

306).Thef~llowingusudassump-’
incompressiblepotential.flow,

.—

k

—

. . -.
*

,.

—
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(b)two-dimensionalflat-plateairfoil,(c)smalloscillations,
fromtraillngedgetoinfinity. :&d (&)plsmewakeextendfig

SYMBOLS “ .

b

a

a

x

t

v

v

(D

k

C(k)

F,G

.,
halfchordofaiZ’fOil

,...
x-coordinateoftorsionaxisof’airfOii ‘:”.

angle’oi’atkck’ofairfoil”measuredclockwise.from
horizontal

angleofairstrem’f~ti~adirectian.m~smed.
positivf3coun~erolockwise

,,.
horizontalcoordinate;nondimens~onal&th respectto b

,.

time
... ,.

etresm,reloqi~ty ,,
. ..

0
frequency~

circularfrequency

(),@J.,rea-uce’dfr’~gue~y~ ....

The~orsen’sC-functionfromreference5 (F+ iG),’.:.. .,, .,.,.: “, ,. ..,. . -..,...,.,,. ~r.eak:andimagin&y..p@5”of&ftitiin “ ,.,: 1,

p’ localstatfc@e6swe,.,. ,.-,., .,..
P ; “-~ai.r.denai~y“’, .‘“-’. . , ...
‘+~”.’ “?pe&endi&ci@rfo.kce.-!. .,.... .. .. .. .
Ma pitchingmomentabout

counterclockwise

.

.- ,.. . . .. . ,.. ,. ,,

..”.
.

. .

x= a“”rneasuredpositive

Xa momentofinerttqaboutx = a

Ra torsionalstifrneseofwhg

s propul.stye.,force

,
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~ noncircul.storyvelocitypotential

v~ circu3_atQryvelocitypotential~

u.” strengthofwakediscontinuity

P phaseangle

Jo(k),Jl(k)Besselfunctionsofthefirstkind
firstorder . ,

YO(k),Yl(k)Besselfunctionof,theeecond~ind
firetorder

7“ ‘ strengthofvortfcitydistribution

In. massperqnit len@hof.Wlng
,, /

NACATNNo,13?2 ‘

. . .. “,.

andzeroand

andzeroand

ontheairfoil

‘a
qoradiusofgyrationdlv~dedbyb —
mb2 “. .. .

tc ratioofmassofcylinderofairofdiameterequal

()
&tochordofwingtomassofwing .

\lu/

c constant

LIFT

Inaccordancewith
thenoncirculatory,flow
separately.

.

—

,
—

FORCEANDZ3TCHZNGMOMENT
.,

Theodorsen(reference~),the
andtotheeffectof’thewake

forcesdueto
aretreated

Nonclrculatomforceandmoment.-Consideranairfoilof—.———
chord2b atzerosngleofattackwithrespecttotheaverage
directionofa sinusoidalstreamtravelin~totheright(fig.1).
Iftheamplitude130ofs@e-of-attackchangeinthestreamis
smallthenthehorizontalandverticalcomponentsofthevelocity,
res~ectively,aregivenby

.,’ .:

q=vcos”prtlv. “

Vp=Ti3inp*”vfl““
.,.

—

,.. .-
,

b
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where,with ofsinusoidal.oscillations,

Thus,theairfoilma.Ybeconsideredas
horizontalstreamof-velooity.V plus
gustoftheform

.r

. . . . .

beingIna uniform
‘averticalsinusoidal

,. e(x)= ~oei(u)t-bi}

Thevelocitypotentialq forsucha normal-velocitydistribution
is(appendixA)

whereJO(U)isaBesselfunctionofthefzrstkindandzero
order,

Useoftheequationofmationfornonstationaryflowgives,

where .. .,. .,,.

w fluidvelocity
,.,

p , localstaticpressure : “ ““ “-’” “:,,,.
P airdensity‘

. ,. . . .

. ..

.. ..

(1)

,,,,,, -. ,.. .. ,... , , .“-
.
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~a thesubatitutcl.onw = v + i?~ givesthepressuredifferenceAp
atthepoin$x as —

.? .,Ap=-a@+~-),,
. .

(2)

TntegraMonofthislocalpressureM.fferenceoverthelengthof
theairfoilgivesaqthetotalfqme P (see,appendixB,ewatlon(B8))

whereJl(k)isa
order.-

The
fromthe

Besselfunctionofthefirstkindand,first
,,.

rioncircnil.storym.mentaboutx = a (fig,2)Isoltainm
integral

J1
Ma= b2 @(x ~‘a)ax

-1,

.

whichyields(append.txB, equation,(BZ6))
—

Circulatoryforceandmoment.-The’”velooitypotentialofen
elementofvorticity-N ata position~ inthewakeandits
mateAI’distributedovertheairfoilis(reference~)

(4)

(5) .
:..

9
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Theelement-AI’moves to the rightrelativetotheairfoilwith
a velocftyv. Thus,

*=O=.*T-x- %3”
%

Substitutingthisexpressionand
9 intoequation(2)emd

integratingtheeffeotoftheentire&ke ontheairfoilyieldsthe
force

‘=:~v’[*”%

whereU ~ isthe elementofvorticftyAr atthepotnt

TheKuttaconditionrequiresthatatthetrailingedge
theplatetheinduoedvelocitye(@18zerc)j therefore,at x

where

Qrd)

Introducingthepotentialq fromequation

u

(1)resultsin

Jk
eiuJo(u)du (7)

o
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Let’

Q

whereu isan
(appendixC)

NACATNNO.1372

~oei(mt-k)
J k eiuJO(u)du=-—

k ;“o
,,

integratingvariable.E@ation(8)b$3COIlWS

Combiningequations(6),(’7),end(8)and,asmnningthewaketobe
oftheform

gives’fortheciroulato~force ..
,’ ,.

,,

Similarly,theclrc-tiatorymomentwhichiso%tainedfrom ,
.,

J1
M=a @ Ap(x- a)dx

-1

is(reference5) .

[

!
.% “ikxo

:7 xe

‘- 1

d%

()
Ma= -2fipvb2Q$.- E@ ~r ‘o + -i-

me %
[~

. . ..

(8)

(9)

. .

(10)

(11)

I

---

.



NACATNNo.1372 9-

Theintegralesrpressil.ninequations(10)and(11)isTheodorsentsC-
function(reference5). Thus,

and

..
Addingequations(3)and.(12)givesforthetotalforce

(12)

P = 2fipbv2j.30r

1.
C(k)JO(k)= iJ1(k)]+ iJ1(k)etit
L[

J,.- ,’ . .

(13)

(14)

Thisexpressionagreesw3ththatgivenbyG~riok(reference1)and
I@mner(reference2)Inwhichsomewhatdifferentmethodsof .
derivationareusedfromthokeusedinthe-presentp~per.

Addingequations(4)and(13)gives,forthetotalnmment
aboutx = a,

Ma= J-TV)I)%+IO2iaq(Ic?

,,
[

+ 21fpb2+30*

.I+JO(k)I#dt

Exaudnationofequations(14)and(15)leadsto

. .
., .’. Ma = (.>.-ba+l .

..
17hisequationmesnsthatthecenterofpressureisatthequarter-,
chordpointoftheairfoil,.
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IROPULSI’VXFORCE

.,

AccordingtovonK&m&.~dlWrg&s (~eference6,p.52),if
thestrengthofthevortloitydistributionattbeleadingedgeof
theplateIsof”thefo~

. .(7)w.~‘,, ,. .. (,i-$+l)x=.,
.’

(16)

thenthesuctionorpro~ul.si~$o~e qotzngontheairfoil
value

a,hasthe

,

—.—

.

‘2 ...’e=’.fipC,-.. (17) ,
.%

!,
. whereC IEIa co!nstant.ThevortexstrengthisgivenbYthesw

ofthetangentialvelocitiescmthetwosides..:‘Thu6 .
—-

,,’,>

and,

.

,
.’, ;

,.

.,,,,.. . . . —

L

..
., \’

‘ Carryingouttheindicated

.,..,.

calculationsinappendixD leedsto

. ....

,,,,
L

[ “
J1-yo- i(JO+ Yl)

‘J1.,i”yo”+i(JO-TkL~1
*

..,.

(18)

.-. —.

r. .: —.

. .

●
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where=JO meansJO(k)and80forthend Ye(k) and Yl(k)are
Besselfunctionsoft~esecond
Thereelpartofthis”eqktien..

&indendofthezeroens~hst order.
3.s’.

. . .,,

where
,.$,

1

>.
.. . ..

X=4(?)22
.’ k

andfinally

where

(JO-Y1)2‘+(31+ YO)2..,
. .

,. ..,.”. “.”. .

22 (Jo‘-YJ2-(i +@2Y= ——

‘%) [(JO-%)2 +(% * yo)~2
.,

,.. ,..“
,.

. :. .

8 = YW+302(xiY cof3r2(Dt- z sinat)
. .

.. ,.,
\ .,. .:. .-

“z’=i== ‘“:””

(19)
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DYNAMICSOFANAJRFOILINANOSCILLATINGSTREAM

Theproblemtreatedhereinisthatofsnairfoilexecuting
tmsional.vibrationsinanoscillatingstream.Becauseofassump-
tions(c)and(d)oftheIntroduction-nsmely,thattheoscillations
aresmallendthatthewakeisplane- theaerodynamicmomentsdue
topartiaLmotioneofthefluidandthosedue~ motionsof”the
airfoil”canbetreatedindependently.

Thepitchingmomentacting$onanairfoilundergoingangular
oscillationsina unfformstreemIs(reference‘j)

.. .

(20)

!lhua,thetota3.aerciiynamicmomentactingon-anoscillating
airfoilinanoscillatingst~eemisthesumofequations(1.5)
and(20).Theequationofmotionisobtainedbyexp~essingthe
equilibriumoftheaerodyrmnj.cmoment,themomentofInertia,
andthemechs.nlcal.restoringruommt.Th:s,Ifstructuraldamping
isneglected,theequationofmotionis

Aero@-wnicmoment = Ia&+RaCL

where

Ia momentofinertiaaboutx = a

Ra torsionalstiffness

Combiningequattons(I;);

.

—

(21)

....

(22)
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.

Propulsiveforce.-Ithasbeenshown(Geeequation(19))that-.
thepropulsiv~forceactingonaflxedairfoilatzeroanglqof
attackinanoscillatingstreemis

. .

s = fipbv2p02(X’+Y cos2ut-Z oinZkok)

Since2fipb#p
?

is.the,statd.onarywl~leoftheliftonanairfoil
atangleofatqck PO,’let

,.

Then ‘-.
.

rnfbmmes3 and

(X’*Y cos fWt- Z sinat)
,.

Ofs is:

(25) .

k curvesarepresentedthatshowthevariation.-
wtthwavelengthsofetreemoscillationsQfthecoefficientsX,Y,
andZ apnem+jmgiptheequationforthepropulsiveforce.Forvery
lcwfrequencies- thatis,forlongwaveler@hsof’streamoscilla-
tions-X andY apyoaohtheval.uel,andZ %ecomeszero.Thus,
as k->o, equation(25)becomes

‘, (26)

Thisresult14exactlythatwhiohietobeexpectedfromquasi-
statloneryconsiderationsinwhichtheliftisassumedtobe
instantaneouslythatvalueprescribedbytheSeometrlcalangleof
attack;that1s,theshedvorticityproduoedbyvariationsin
angleof attnck3Gaesumed”to,appearzn~tantaneouslyata point
lnfini~elydlstentfromtheairfoil.l’hugi(seefig.~)the I

,.
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perpendicularforceL onenairfoilatangleofattackj3with
respecttothestreemis

andbecause
flowsthere

L = 27q)v%p

fromweU-knownconsiderationsoft~-d~~nsfo~
canbeno induceddrag,thepmgtisiveforce~UStbe

POCosc)t,

%=

whichis”thesamb,asequation.
. . . .

Thereasonforp~ottfngthe,coefficientsY endZ againstk
aswellasagainst~,,,vhere~ isthewavelengthofstream
oscillations,isthatinthe.neighborhood.of~ = O thevaluesof“k
Y andZ fluctuateinfinitelymanytimes.Thisbehavior1s
brought’outinfiQure&whereitmaybedeenthatbetween ,

k=l
()

$=1
(S)
1and k=m -=0 thecurves’oscillateabout

zerowithdecreasingamplitude.

Forcedvibratfons.-Ananelysis1smadeoftheresponse(see
equation.)ofanairfoilinenoscillatingstreamwithparticular
emphasisonthepar~eterga and Ra, thesepem.metershaving
qualitativeaswellasquantitativeeffectsonthevaluesofthe
response..ThqstiffnessintorsionRa isrelatedtothenatural
frequency~’ forzerosttie~velocitybytheequation
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Vf=

()‘+L+a2whereIa+ fipb isthe
airfoil.Frome$ation(27),

(27)

totalmomentofinertiaofthe .,

wherekl=a+.

.

Infigure6me shownimspmieecurves.foranairfoilhingedat
theleadin~’edge(a= -1.0)endhaTingvariousnaturalfrequencies,
ofoscillation,ThefollowinflvaluesoftheparametersE and “ra2
werechosenasbeig withinthepracticalrangeofapplication:
K != 0.0653]ra2,=y (.flat~platemassdistrib~ion).!l!heresponse
foranynaturalfrequencyisneververylargeatmostabout

( )
%=2.5.
P(’J

md theresponsedecreaseswithincreasingstjffness.The
velueofthestreamfrequencyatwhichmaximumre~ponseoccursis
seentocorrespondmorecloselyto vt asthenaturalfrequency

—

Increaaes.Evenfora freelyhtngodairfoil(k’: 0)’a sortof .
resommcefrequencyexists.(Seefig.7.) Thustheuse:,ofeuch .
a devicefor-measuringsn~larvariationsinh oicillafiingstreem -
would%evalidonlyintherangeofverylowreducedfrequency(long
wavelen@hs”}”in whichthe responeeapptioe.chesUM.ty. ~ —

Somewhatdiffe?entphenomenaoccurwhen thehhge pointis
behindthe quarter-chordpointM theairfoil..Ingeneralitmay
bestatedthattheresponse’iegreater.-Inpartioular_q@.ticel
stiffnessexistsbelowwhichtheairfoilisinunstableequilibrium.
Theconditionfordivergentmotionsoftheairfoilisthatthe

.-

.
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coefficientof m ineouation(22)belessthanorequal.toO
for k=O. Thecriticalstiffness,therefore,isdefined%y

Tnfigure8 arepi-eeentedsomeresultsforthehingeplace~
nearthecenteroftheairfoil.Thevaluesoftheparsmtersa,
K,~d ra2 chosenwere:a= -0.1,K = 0.0653,andra2= L#2 ●

Thereducedcriticalfrequencyforthiscaseis k’= O.~@.”For
stiffnessvaluesBomewhs,thi@erthenthecritical,theresponse
isnotundulylar&eandagain,aswhenthehingewa~atthe
leadingedge,themqximmnresponeewithlarflevaluesofthe
stiffnessoccursata streamfrequencyclosetothefrequencyVI,

CONCLUS1ON3

Thevelocitypotential.,liftforce,moment,andpropulsive
forceona two-dimensionalairfoilina streamofperiodically
varyingangleofattackhasbeenderivedonthebasisofnon-
stationaryincompressiblepotential-flowtheorywhichincludes
theeffectofthecontinuoussheetofvorticesshedfromthe
trailingedge.Applicationoftheseresultswasmadeinan
analysisofthevar3ationwithfrequencyofth~propulsiveforces
onanairfoilinanoscillatingstreamandinananalysisof
theproblemofforced.vllnationofanairfoilinanoscillating
streamwithconsiderationofthestiffnessoftheairfoiland
th9pOSitiOnofitstorsionaxis.Thefollowfigconclusions
wereindicated:

1.Thevalueof the
inanoscillatingstream
importance.

2.Theam@itudeof

propulsiveforceactingonanairfoil
issufficientlylar~etobeofpractical

vibrationofanairfoilin<anoscillatinfl
streamiscriticallydependentonthestiffnessoftheairfoil-
andthepositionofitstorsionaxfs.Ingenerel,~plitudesof
vibrationaresmallerwhenthetorsionaxisisaheadofthe
quarter-chordpointandlargerwhenthetorsionaxisisbehind
thequarter-chordpoint.Becauseoftinenonuniformre6ponseof



10 NACATNNo 1372

a freelyhln,?edairfoiltheu~eofsucha.deviceforthemeasurement
ofangularvariationsinu oscill.atin~streamwouldberestricted
tothermqe ofverylowfrequencyinwhichtheresponseapproaches
unityy

Langley$lemorialAeronauticalLaboratory
NationalAdvisoryComii.tteeforAeronautics‘

Lan@.eyField,Vs.,Ap~”il28,1947
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NONCIRCTJLATORY

APPENDIXA

vl.XIOCITYIWENTrALFORAN

AIRFOILINA SINUSOIDALGUST

Theproblemof’findingthevelocitypotentialforenairfotl
havinga certainnormslvelocitydistributionissolvedbythe
methodindicatedbyvonK.&mu&endBurgers:(reference6,p.44).

Representthewingb~--qcircle(fig,9). Placea sourceof
strength26 atwe Point~T~,Y~ ontheciroleanda sinkof
strength-2E at(X1,-Y]).Thevelocitypotentialofthis
source-sinkpairinthe
(reference~)

nctaixlonofthepresentpaperisgivenby

(x - X02 i-(y - yJ2
m= & log

{x - xd%.(y -1-y#

Thetransformation

Fortheairfoilin

ofthecircletoitsdiameteris

y= {-, x=x

a sinusoidal.gust

,.

Thus

.

.
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I

.-

Intimationbypartsleadsto

Let

Then

(Al)
.

u-l

—

—



.

.

NACATNHo:1372

But,fromrelation

whereJO(k)‘isa
Therefore,

Equation(A.2)isa

. . !21 -,,

(4)onpage48ofrOf’erence7,

= fiJo(k)

..

Besself~cttm ofthefirstkindsndzeroorder.

order.Thehomo~eneo~part

hasassolution -..

wherec isenarhitr.aryconstantwithrespectto k. The
particularsolutionisobteined%ythemethodofvariationof
parameters(reference8,p.H4). Let

f = S(k,x)e-f~

Then

(A3)
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\

Combiningthisexpressionwithequation(A2)gives

,.

integrationofwhichleadsto ,’

(Ah)

.A.

Combiningequations(A3)and(Ah)gfvee —
. . .

f(k;,x)= Ifie-ib
r

eiWJo(u)du
o

which,whensubstitutedintoequati..n(Al),~lvesforthenon-
circulato4ryvelocitypotential

~//l.~ e
k

9’-
‘? i(u)t-kx),r eimJO(U)du (A5)

k’ “o .“.,

,
.

,.

.
.. . .,

.
,.,
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APFENDIXB
.

LIl?TANDMOMENTFORNONCIRCUIATORYFLOW

Lift

Thetotal.forceon theairfoilisgivenby

where,fromequation(2)

.

But

.

.

Px=l= 9X=.1= o

Therefore
I

Fromequation(1),

&= i(Dbv13*—4 X2 *iu.)te-ikx

f

eiux
-T.l- JO(U)du

o

.n-

(Bl)

Thus
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,

Interchangingtheorderof‘Integrationgives

k

/’

‘1
fl(k)= J~{u)duJ@

~ ei(u-k)x~

o -1

Therefore

. . .

Substitutingthisexpressionintoequation(B4)gives

“fI(k)=..fi
r

JO(U)j+ -k)-+ -
0 *,

(B4)

.

.

.



u .k..~

and

du= -dw

men , .

,.
Butfromreference7,page380~’forW> O and v,>-1

,:

Jz J@JdJv(t)Jv(z”-t):=—.—_
o v

Therefore

2!5

(B6)

.
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andequation(B2}becomes

2flj,Rb2Vp@J1(k)e~tp. (B8)“k

Moment

Thenoncirculatorymomentaboutthepointx= a (fig.2)
i.sobtainedfromtheintegral

I 1
Ma . b2 Ap(x- a)d.x

-1

which,combinedwithequatdon(2),gives

.

J1 1
~= 2pbv p dx+ 2pl)2aJ& dx- !2pb2

J
‘Xgti

-1 .1 ai -1. .
~.,,

Byuseofequations(1)and(Bl),thf.sequationbecomes



.

.

.

.
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Thefirsttwointegralsontheri@t side-ofthisexpressionare
alreadyknown(seeequations(B3)ancl(B7)).Inordertoobtain
theth~rdinte&U.,~et -

Interchangetheorderofintegration.Then

rk l—
f2(k)= Jo(u)h ~1 x II.X2*i(u-k)x&

‘o ,,-1,

But

(BIO)

(Bll)

..

(B12)

+ ~’..!d.fd.f’”(1. #)3/2ei(U-k)~~
ADZ.3 -1

. . . . ,... .. .

[
=i(u -’k) 1 (I- #)3/2ei(u-k)x&.

3 ..~ ‘-l.,

... -,
*d, frmequation(&) “ ‘ ‘

-.. .,. .
. . . . . -. . . . . . .

J1(1-x2}3/2ei(u-k)xdx=3“J2(U- ‘) (B13)
-1 (Ll--k)a
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.

Combineequations(B12)sm.d(B13)andsubstituteinti’dqvation(Bll).
Then , ,,

/’kf2(k)= ix duJ@ J2(uP k)~k
‘-o “‘..

Let

u- k=-w

and (,’
du= ‘dW

I o J’kf2(k)= In J2(-w)JO(k-w)$= :ffi J2(-v)Jo(k-W)$
k ., 0

whichbecomes(seeequation(B6))

.,

f’2(@=-&J2(@

.

(B14)

Theequationforthemomentaboutx= p pannowbewrittenas

(B15) -

.
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Therecurrenceformulafrom

Jn.l(k)*

givesfor n = 1

J2(k)=

reference7,page17j

,.

%bstdtutingthise~ressionintoequation(Bl~)andmakinguseof
cubthedefinitionk= ~ yields ..

,..,.

M== -2fiipb2a#PoJl(k)e~?.,-fip@v2130JO(k)’eWt““ ‘ “ (B16)

.,



.
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.

AHENTnxc!

EVALUATION.OF Q,(~UATION.(8))

Equation(8)is

f

@O ~i.(tit-k)’k *iU”JO(U) duQ=-~
‘o’

., (cl)

But

J
k ~i(u-k)JO(U) d.U=

r Cos(u- k)~O(U)du
o 0

+1
f

sin(u- k)JO(U)du
o

l?romreference7,pages3Fband381,

rCOS (k-u)JO(U)du= Ho(k)
o

f

k
sin(k - U) Jo(U)du= Ml(k)

o ,

.
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Therefore

T*i(u-k)Jo(II) au= lHo(k)- ikJl(k)
o

t-
= Isjo{k)- lJl(k)- 1

end

-31

(C2)

. .

. . . .’
,.
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APPENDIXD.
.

CALCULATIONOFTHEPROPULSIVEFC13CE
.

Fromequation(1)
,.

.

=

. .

Theintegral
oon~ugateof’

k--=)“-“1” “ Iw130’;i(wt+-k} r~-hl JO(U)dU
-x~-lk 0

ontherightsideof
thatinappendixC.

thisequationisthecomplex
Thus

r e-i(u-k)Jo(u) du= k~JO- iJI)
o

= k<Jo+ fJ~

whereJo meansJo(k),andsoforth,Therefore

Now,forthevelocityduetothewake,

.

(Dl)



.

.

.

.

NACATNNo.1372

but(seeequations(7)w (8))

Therefore

Fromreference7,page180,

‘J=(k)= :Jm sink Cosh* -* n i)coshntat”-’

and

33

(D2)

.
~co

Yn(k)= -
( )

~1 cos kcosht-~nn coshntdt
fiJo

.

.
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.
.,

whichleadto,whencosht isreplacedbY ~,

●

Yl(k)= --$ r
‘X&in kXodXo

Equation(D2)becomesnow
.

(Jl-Yo)-i(Jo+Yl)

andaftersubstitutionofthevalueof Q fromequation(C2)
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.,. . . .. . ):: ..
. . ,, -“-”’””””’- “’,.

Combiningequations(Dl)‘a.nd’-(D3)&tth”’’(seeequation

+ i(Jo-Yl)j

~(D3)

(18))

gives

#

therealpartofyhichis

,.

~-

Jl J02-I-Y12.‘.2

(D4)

J12- JO*+Y12 -Y02

~J~+ Y~)2+ @ -Y#,-, J

..

.,.
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where .. ,,. ...,... ,’.. ,
-,.

.,
.-

1

.. .

.

..,. .

.

.

—

.1

andusehasbeenmadeoftheformula(reference7,PD77)

,.
:. ,.. . .

.

Substitutingequation(W) into(seeequation(17))

-.

“.

.
.

.
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givefl

s =,Jr@A302r(X+Y) Cos%t+ (X-Y).sin%,

(2 2 x+Ycm3.?ut=fifhv@() -m2?~-~ )
Letting z=I/F=. . ,gifeifihally

.

s = Kpl)v%oa.” (x”+Y Cos k U)t-
.,

. . .

.

Z sin2 wt} ‘ (M)
‘.,

.,,

\
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